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Abstract – This paper presents an approach for obtaining an optimized geometry for the ﬂank of a tooth 
by minimizing the equivalent contact stress. The stress calculation method is based on Hertz theory. As 
the majority of tooth proﬁles are involute, the geometric variation of the ﬂank of the tooth is achieved 
variationally relative to the involute proﬁle. The optimum proﬁle is obtained by Monte Carlo simulation. 
During this optimization, a polynomial expression of the tooth geometry is used. The parameters inﬂuen-
cing the simulation are the four characteristic contact points. The approach presented has been applied in 
a representative case. A study of the geometric sensitivity was conducted on the optimized tooth proﬁle. 
Two diﬀerent approaches were considered: by Monte Carlo simulation and analytical propagation. The 
robust and linear nature of the behavior of the tooth proﬁle was demonstrated when it was subjected to 
geometric variations. 
Key words: Spur Gear / Tooth proﬁle / Tooth Contact Analysis (T.C.A.) / Monte Carlo simulation / 
Uncertainty 
Re´sume´ – Optimisation en contrainte et e´tude de sensibilite´ aux variations ge´ome´triques d’un 
proﬁl de denture d’engrenage. Cet article propose une de´marche permettant d’obtenir une ge´ome´trie 
optimise´e d’un ﬂanc de denture par la minimisation de la contrainte e´quivalente au contact. La me´thode 
de calcul de la contrainte est fonde´e sur la the´orie ge´ne´ralise´e de Hertz. Comme la majorite´ des proﬁls 
de denture sont en de´veloppante de cercle, l’e´volution ge´ome´trique du ﬂanc de denture est re´alise´e de 
manie`re variationnelle par rapport au proﬁl en de´veloppante de cercle. Le proﬁl optimal est obtenu par 
une simulation de Monte Carlo. Lors de cette optimisation, une expression polynomiale de la ge´ome´trie 
de la denture a e´te´ utilise´e. Les parame`tres pilotant la simulation sont les quatre points caracte´ristiques 
de contact. La de´marche propose´e a e´te´ mise en œuvre sur un cas repre´sentatif. Sur le proﬁl de denture 
optimise´, une e´tude de sensibilite´ ge´ome´trique a e´te´ mene´e. Deux approches ont e´te´ envisage´es : par 
simulation de Monte Carlo et par la me´thode de propagation analytique. La robustesse et la line´arite´ du 
comportement du proﬁl de denture soumis a` des variations ge´ome´triques sont de´montre´es. 
Mots cle´s : Engrenages cylindriques / Proﬁl de denture / Tooth Contact Analysis (T.C.A.) / Simulation 
de Monte Carlo / Incertitudes 
1 Introduction 
In the aeronautical sector, the mechanical transmis-
sion of power is achieved through various gear conﬁgu-
rations (Fig. 1). Full control of the geometry of tooth 
a Corresponding author: 
david.guyonneau@eurocopter.com 
proﬁles and their manufacture are indispensible in order 
to guarantee the reliability of the mechanism. In order to 
ensure the correct operation of a reduction gearbox, the 
majority of studies examine the mechanical strength of 
the gears under load. For helicopter manufacturers, the 
search for performance involves minimizing weight whilst 
increasing the eﬃciency and the service life of the me-
chanical components constituting, for example, the Main 
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Gearboxes (M.G.B.). A 300 kg M.G.B., including 5 reduc-
tion stages, transmitting two megawatts power is shown 
in Figure 1. 
Currently, the sizing and geometric design of mesh-
ing surfaces constitute complex strategic domains. In the 
ﬁeld of application to helicopter power gearboxes, spe-
ciﬁc work has been undertaken to extend the service life 
of gear assemblies and to ensure improved behavior un-
der load. With respect to this problem, work is essentially 
focused on: 
– characterization of the material and its various treat-
ments (shot peening, nitriding), 
– elaboration of behavioral laws representing the con-
tact physics, 
– geometric modiﬁcation evolution of the meshing sur-
faces. 
This paper concerns the third item. In this mechanical 
environment, the scientiﬁc literature proposes numerous 
studies; a representative sample will be presented in the 
bibliographical study (Sect. 2). Two study paths are ex-
amined in this paper: presentation of a method for gen-
erating a tooth proﬁle minimizing the equivalent contact 
stress during meshing and a study of the sensitivity of this 
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Fig. 2. Involute spur gear example. 
tooth ﬂank to geometric variations. The optimization ap-
proach is explained in the third paragraph of this paper. 
It looks exclusively at external spur gears. The geome-
tric and mechanical characteristics of the gear shown in 
Figure 2 are detailed in the remainder of the document 
(Sect. 3). 
2 Bibliography on the geometric generation 
and sensitivity of gears 
Among the literature, the work by Henriot [1] is a 
considerable source of information on the design of gears 
and the characterization of their ﬁelds of use. It presents 
the usual deﬁnition of the variables allocated to gears. 
The work by Henriot [1] incidentally contributed to the 
 elaboration and compilation of international standards 
(ISO standard 6336 in particular). The involute tooth 
proﬁle represents the founding basis for modern gear geo-
metries. The sizing of the teeth is achieved by accoun-
ting for the spatial requirements, calculating the contact 
pressure (pitting) related to the applied loads, estimating 
the maximum shear stress in the root of the tooth (frac-
ture), minimizing the gearing noise and optimizing the 
eﬃciency. 
This design environment enables deﬁnition of the 
functional operating conditions of a gear. Our biblio-
graphy hinges around three main axes: 
– the methods for obtaining tooth proﬁles, 
– a study of the mechanical behavior based on the equi-
valent contact stress, 
– the inﬂuence of geometric variations of the ﬂank of the 
tooth. 
The notion of conjugated proﬁles is an inescapable as-
pect in the theory of gears. ISO standard 21771 [2] speci-
ﬁes the concept and the geometry of tooth ﬂank. It gives 
some advice to modify the local tooth proﬁle in order 
to improve the meshing. The paper by Spitas et al. [3] 
proposes a method for obtaining combined tooth proﬁles 
using the properties of the involute. The work by Ye & 
Ye [4] and Simon [5] also studies the geometry and the 
methods for obtaining a gear tooth proﬁle. They intro-
duce local geometric modiﬁcations in order to observe 
their inﬂuence on the behavior of the gear during mesh-
ing. Faggioni et al. [6] optimize the geometry of spur gears 
in order to improve their dynamic behavior. For that pur-
pose, they construct a rheological model using springs and 
dampers. All these works propose a geometric deﬁnition 
for the ﬂank of a tooth. The paper of Velex et al. [7] and 
Ghribi et al. [8] purposed also local geometrical modiﬁca-
tions of the gear tooth proﬁle. They studied the inﬂuence 
of proﬁle modiﬁcations on transmission errors. 
2.2 Characterization of the loading 
A great number of studies were performed to cha-
racterize the load applied to gears. Velex et al. [7] used 
an analytical model to deﬁne the mechanical solicitations 
applied to modify spur and helical gear tooth proﬁles. In 
similar approach, Pedrero et al. [9] studied an involute 
tooth proﬁle of an external spur gear under load by cha-
racterization of the mechanical behavior along the line of 
action. The characterization of the stresses in gearboxes 
has been covered by Osman and Velex [10] and Pedrero 
et al. [11]. Hwang et al. [12] examine the identiﬁcation and 
analysis of the equivalent contact stress. However, these 
numerous works [6–12] do not question the geometry of 
the involute tooth proﬁle. They concentrate on character-
ization of the mechanical loading at the contact points. 
Most of these works are based on F.E.M. (Finite Element 
Method) calculations, but some of them characterize the 
contact zone using Hertz theory. These various works con-
sider the mechanical aspect of the problem by character-
izing the loading on the tooth. 
The work by Litvin et al. [13] covers the geometric 
modiﬁcation of a tooth proﬁle. Their paper has three 
objectives: to improve the contact, to reduce the trans-
mission error and to characterize the equivalent contact 
stress. The search for an optimum proﬁle by Litvin [13] is 
common to our paper. Nevertheless, the main diﬀerence 
lies in the methods for obtaining the tooth proﬁle geome-
tries. Indeed, in our paper, the proposed modiﬁcation is 
variational relative to the involute without reference to 
known proﬁles. In the work by Litvin [13], it is based on 
involute and epicycloidal proﬁles. The variational aspect 
is important since it does not presuppose the optimum 
proﬁle which results from the approach. 
2.1 Methods for generating tooth proﬁles 
2.3 Geometric sensitivity
 
In the second part of this paper, a study was made 
of the sensitivity of tooth proﬁles to geometric variations. 
The work by Linares et al. [14] and by Zamponi et al. [15] 
on the geometric error of mechanical parts demonstrates 
the impact of loading on the geometric distortion of a me-
chanical system. In these papers, Zamponi et al. [16, 17] 
examine the eﬀect of local distortion (at the point of con-
tact) as well as structural distortion (displacement of the 
shafts) on its mechanical systems. However, the geomet-
ric variations due to the manufacturing process are not 
considered. They propose original methods for calculat-
ing the pressure using analytical, numerical (F.E.M.) or 
hybrid methods using substitution elements. 
The work by Xu et al. [18] proposes the estimation of 
gearbox performance according to the input conditions. 
These works concern cylindrical gears with straight or he-
lical teeth. This study is based on a contact friction model 
and concludes with a numerical calculation (F.E.M.) of 
mechanical eﬃciency. Xu thus studies the performance of 
reduction gears according to the geometric design data, 
the operating conditions and the assembly and manufac-
turing errors. 
In addition to the work by Xu et al. [18], two other pa-
pers examine sensitivity. These are the paper by Linares 
et al. [19] and that by Bruye`re et al. [20]. Linares uses 
Monte Carlo simulation and Analytical Propagation. The 
work developed by Bruye`re et al. [20], proposes a statisti-
cal analysis of the functional surfaces of a bevel gear. This 
sensitivity study looks at the impact of tolerance choices 
on the quality and manufacturing costs of the meshing 
surfaces of a reduction gear. 
In conclusion, the objective of our work is to propose 
a new gear tooth proﬁle which minimizes the equivalent 
contact stress, and to study the robustness under stress 
of this new geometry according to manufacturing errors. 
The use of error propagation methods enabled investiga-
tion of the robustness under stress of the optimized tooth 
proﬁle according to the geometric variations due to the 
capabilities of the production means. 
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Fig. 3. Simpliﬁed geometry of the gear. 
3 Method for optimizing the tooth proﬁle 
under stress 
The approach used demands the establishment of a 
simpliﬁed geometry of the gear (Fig. 3). In our resolu-
tion method, the gear is a spur gear. The potential zone 
of contact is shaded in Figure 3, and the line of contact, 
which is characteristic of an involute tooth proﬁle, is de-
ﬁned by the segment between points A (input point) and 
D (output point). It is determined by the functional head 
radii of the pinion (indexed 1) and the wheel (indexed 2), 
and is inclined by the angle of pressure α. 
In the involute tooth proﬁle conﬁguration, the contact 
path must be included into [T1T2] segment. The nominal 
localization of the contact entry point A is derived from 
a previous minimization of the maximum equivalent con-
tact stress. The coordinate of point D is derived from the 
contact ratio. The basis pitch deﬁnes the contact distance 
between two successive teeth and permits to set points B 
and C which correspond to the transition of one to two 
teeth under contact. 
Only four inputs are required in the method developed 
in this paper: 
– Pressure angle, “α”, which characterizes the angle of 
inclination with the line of contact. 
– Distance between centers, “a”, the distance between 
the centers of rotation, O1 and O2. 
Table 1. Spur Gear Characteristics of the case study. 
Parameters 
Center distance 
Number of teeth–pinion 
Number of teeth–wheel 
Module 
Pressure angle 
Face width 
a Crowning in the width 
Contact ratio 
Abbreviations Values Units 
a                  150              mm 
Z1 31 / 
Z2 89 / 
m 2.5              
mm 
α                  22◦                    deg 
b                   65               mm 
Cy                         0.01             mm 
εT 1.7 / Power entrance P1 
Speed rotation entrance ω1 
1900 kW 
23 000 rot.min−1 
– Reduction ratio, “i”, determined by the number of 
teeth on the pinion and the wheel (Eq. (1)), and 
– Contact ratio, “εt”, which is used to determine the 
distance between A and D in Figure 4 (Eq. (2)). 
Z 
i = (−1)
n Z1 
(1) 
2 
2π 
with n = 1 for an external gear and n = 0 for an internal 
gear. 
εt = 
(θE − θS)
Z1 (2)
 
where θS , θE are the angular positions of the pinion at 
input (Start: S) and output (End: E). 
The pitch circle radius (Eq. (3)) and the basis radius 
(Eq. (4)) are directly linked to three of them. 
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Rp1 = 
1 − i
a and Rp2 = 
|1 − i|
a (3)
 
Rbi = Rpi cos (α) (4) 
However, these parameters do not suﬃce for the estab-
lishment of the entire operating environment of the gear. 
In order to supplement this initialization data, some other 
characteristics are required, such as the width of the 
teeth (b), the input power (P1) or the rotation speed of the 
pinion (ω1) are required in order to establish the opera-
ting conditions of the gear considered. The characteristics 
of the gear studied are presented in Table 1. 
Once these data has been deﬁned, it is possible to 
progress to using the proﬁle optimization method. The 
ﬂowchart for this method is shown in Figure 4. 
In this Figure 4, our method is principally composed 
of three steps. First, the initial conﬁguration correspon-
ding to a perfect involute tooth proﬁle is considered. The 
in-depth stresses are computed using a generalized analy-
tical Hertz contact method allowing to deﬁne the maxi-
mal equivalent stress during meshing. As a ﬁrst approach, 
only the quasi-static behavior is considered. Secondly, 
a modiﬁed tooth proﬁle is generated randomly using a 
Monte Carlo simulation algorithm. The in-depth stresses 
 Tooth proﬁle modeling by a 
fourth degree polynomial 
8 sample parameters: 
Cx1 Cx2 Cx3 Cx4 
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Calculation of Equivalent Stress 
along the contact path 
j = j + 1 
Initial Data, j = 0 
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Fig. 4. Flowchart optimization method. 
are then recomputed to the actual best solution. Only en-
hanced conﬁguration is saved. At the end of the process, 
the optimized tooth proﬁle parameters are displayed. 
This procedure is detailed in the next paragraphs. 
3.1 Evolution of the tooth proﬁles 
The optimization procedure involves examining the 
contact during meshing. The geometric deﬁnition of the 
tooth proﬁle meets the constraints of gear theory. These 
are essentially of two types, non-interference of the teeth 
and compliance with the conjugation of the proﬁles. The 
choice of modifying the proﬁle variationally relative to in-
volute enables partial avoidance of the constraints. There 
is no modiﬁcation to the proﬁle in the width of the tooth. 
The curvature Cy in the width of the tooth is part of the 
input data provided in Table 1. This curvature is retained. 
Equation (5) shows the expression of the involute 
tooth proﬁle of the pinion, in Cartesian coordinates cen- 
tered on pitch point I: 
⎨  
⎫  
⎧  
⎪  ⎪  
⎪  ⎩  
cos (α) 
cos (θ) 
⎧
xC1 (θ)⎬  ⎨ Rb1 
 
sin (θ) 
− θ cos (α+ θ)
 
⎩ yC1 
(θ) ⎭  
= 
⎪
Rb1 
cos (α) 
+ θ sin (α + θ)− Rp1 
θ ∈  [θS ; θE ] (5) 
with θS , θE the angular positions of the pinion at the 
contact input (point A) and output (point D). 
⎨  
⎫  
⎧  
⎪  ⎪  
⎪  ⎩  
− 
cos (α) 
− 
cos (α) 
 
⎧
xC2 (θ)⎬  ⎨ Rb2 
 
sin (iθ)
+iθ cos (α+iθ)
 
⎩ yC2 
(θ) ⎭
=
⎪
Rb2 
 
cos (iθ)
−iθ sin (α+iθ) +Rp2 
θ ∈  [θS ; θE ] (6) 
here, i deﬁnes the reduction ratio. 
These initial involute proﬁles for the pinion (Eq. (5)) 
and the wheel (Eq. (6)) are slightly modiﬁed. For their 
purpose, the initial functions are subsequently multiply 
by weighting functions. These functions are approximated 
by power series expansions. In a spur gear with a contact 
ratio between 1 and 2, there are four characteristic points 
during meshing: the input point (A), the output point 
(D) and two transition points from one to two teeth un-
der contact (B and C). For this reason, the power series 
expansion functions were restricted to 4th degree poly-
nomials. This avoids excessive oscillations of the tooth 
proﬁles. The coeﬃcients of the polynomials are selected 
randomly by Monte Carlo simulation (Sect. 3.3). 
The only variable in these functions is the angular po-
sition of the pinion θ. The analytical expression of the 
modiﬁed proﬁle is proposed in Equation (7). The reason-
ing adopted is analogous for the geometric evolution of 
the wheel. In the remainder of this paper, the develop-
ment of the approach and the presentation of results are 
provided only for the active proﬁle of the pinion. 
see equation (7) next page. 
In these equations, angle θ is the only variable. For θ = 0, 
the point of the tooth proﬁle is at I at the pitch radius. 
With this single variable, it is possible to reconstruct the 
tooth proﬁle in 2D. To do this, the extreme contact posi-
tions must be deﬁned. As the contact ratio is deﬁned, θE 
is deduced from θS(Eq. (2)). 
3.2 Calculation of the equivalent contact stress 
The geometric optimization of the tooth proﬁles is 
achieved by minimizing the equivalent contact stress in 
accordance with Von Mises criterion. To undertake this 
stress calculation during meshing of the pinion with the 
wheel, it is necessary to know the contact loading at any 
time. 
The rheological data are deﬁned by Young’s modu-
lus E and Poisson’s coeﬃcient ν for the materials used. 
The loading is deduced from a nominal load, relative to 
the input power P1, the rotational speed of the pinion 
ω1 and the contact radius at the time considered RC (θ). 
The load F (θ) is distributed according to the number of 
teeth under contact ncontact. Isotorque sharing is selected 
for that purpose. This assumption permits fast search of 
the optimal solution. This best conﬁguration is ﬁnally val-
idated using F.E.M. modeling. This number is determined 
from the contact ratio and the current angular position 
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θ ∈  [θS ; θE ] (7) 
of the tooth proﬁle (Eq. (8)). Generally, the contact ratio 
is between 1 and 2, thus: 
⎧  
⎪  ⎨  
⎪  
⎩  
Z Z 1 1 
⎪
θ (rd) ∈  θE ; θS − 
2π
 
∪ θE + 
2π
; θS
 
⇒  ncontact =2 
 
Z Z 
 
⎪ θ (rd) ∈  θS − 
2π
; θE + 
2π 
⇒  ncontact = 1 1
 1 
(8) 
Knowing the input torque C1 (Eq. (9)) and the number of 
teeth in contact ncontact, the load evenly distributed be-
tween the teeth can be obtained according to θ (Eq. (10)). 
ω 
C1 = 
P1 
(9) 
1 
C 1 
F (θ) = 
ncontact (θ)RC (θ) 
(10)
 
Z Z 1 1 
The meshing simulation enables observation of the con-
tact between the pinion and the wheel. The characteriza-
tion of the contact is expressed in 100 angular positions of 
one pinion tooth. These 100 positions are ranged between 
θ = −π and θ = π . 
In Figure 5, the calculation of the equivalent curvature 
is an interesting intermediate result for two reasons. 
First, the curvature only depends on the geometry of 
the proﬁles under contact. The equivalent curvature at the 
point of contact is related to the angular position of the 
pinion. Secondly, this equivalent curvature is involved in 
the calculation for the equivalent contact stress (Fig. 6). 
In order to calculate the equivalent curvature, it is 
necessary to know the curvature, at the contact point 
of the pinion and the wheel. Knowing the equation of 
proﬁle considered (Eq. (7)), the analytical expression for 
the curvature (Eq. (11)) is obtained by derivation. 
0 00 0 00 
0 0 
h i 3/2 γC1 (θ) = ±
xC1 (θ) yC1 (θ) − yC1 (θ) xC1 (θ)         (11) 
(xC1 (θ))
2 
+ (yC1 (θ))
2 
The curvature of the wheel is calculated similarly from 
the expression of its tooth proﬁle. Knowing the curvature 
of the pinion and the wheel, it is easy to calculate the 
equivalent curvature at each point of contact (Eq. (12)). 
Equation (12) shows the expression for this parameter. 
γCeq (θ) = γC1 (θ) + γC2 (θ) (12) 
The calculation of the maximum equivalent stress in the 
sub-layer is established for all angular contact positions. 
In Figure 6, the equivalent stresses of the initial involute 
proﬁle and the optimized proﬁle are presented according 
to the angular position of the pinion. The 4 characteristic 
points A, B, C and D, of the mesh are identiﬁed. 
Variable θ characterizes the angular position of the 
pinion. It is the common variable between the expression 
for the contact stress and the equation for the associ-
ated tooth proﬁle. The Monte Carlo simulation modiﬁes 
the geometry of the tooth proﬁle to achieve an optimized 
proﬁle. The procedure selects the best proﬁle. A summary 
of the Monte Carlo simulation parameters is provided in 
next paragraph. 
3.3 Optimization 
In the search for the optimum proﬁle, only the maxi-
mum equivalent Von Mises stress by Hertz contact is ex-
amined along the ﬂank of the teeth (Sect. 3.2). In fact, 
the proﬁle providing the most beneﬁt is adopted. The 
coeﬃcients of the tooth proﬁle are picked randomly by 
Monte Carlo simulation. The number of samples “N” of 
the Monte Carlo simulation is a parameter to be deﬁned 
by the designer. The aim is to obtain the parametric equa-
tion of tooth proﬁles which minimizes the equivalent con-
tact stress. Thus the variation ranges of the coeﬃcients 
are simulation parameters. In this Monte Carlo simula-
tion, apart from the random picking of coeﬃcients for 
the polynomial equation of the tooth ﬂanks, the main 
parameter to be deﬁned concerns the number of samples. 
Several tests have been carried out to deﬁne the value pro-
viding the best stress beneﬁts. The result of this study is 
shown in Figure 7. 
An estimate of the optimum number of samples for 
stress has been conducted at points B and C where the 
stress is at its maximum. Indeed, these two points are the 
most constraining in terms of the mechanical strength 
of the teeth. This is explained by the fact that there is 
just one tooth in contact between these two points. In 
Figure 7, the beneﬁt ratio relative to the initial involute 
stress is represented for diﬀerent numbers of samples. A 
number of 20 000 samples has been chosen. 
All the criteria for the tooth proﬁle optimization pro-
cedure are shown. Next paragraph shows and comments 
on the results obtained. 
 0 
0,02 
0,04 
0,06 
0,08 
0,1 
0,12 
0,14 
0,16 
-15 -10 -5 0 5 10 15 
Angular position - deg - 
E
q
u
iv
a
le
n
t 
c
u
rv
a
tu
re
 -
 m
m
-1
 -
 
Involute Optimized 
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3.4 Results 
At the end of the simulation, the tooth proﬁles provi-
ding the best stress beneﬁts were adopted. Figures 5 and 6 
show the results of the stress optimization. Several com-
ments should be made. Minimizing the curvature (Fig. 5) 
results in a decrease in the stress (Fig. 6) during meshing. 
This stress study deﬁnes the loading to which the teeth 
will be subjected during their operating phase. 
A reduction in the curvature maximizes the equiva-
lent radius. The applied load is better distributed over 
the contact surface. More the curvature decreases more 
the stress is reduced. As shown in Figure 5, the equiva-
lent curvature of the optimized proﬁle is always less than 
the involute curvature except for the pitch point. In fact, 
regarding point I, which characterizes the pitch circle of 
the gears, the curvatures are equal since both the invo-
lute and optimized curvatures are tangent at that point. 
This curvature is ﬁxed by the pressure angle at the pitch 
circle. The stress at this point for involute and optimized 
proﬁles is still the same. A strong reduction in the cur-
vature of the optimized proﬁle is observed at the contact 
input and output. However, the two zones requiring less 
curvature are located in the transition zones, where the 
contact goes from one to two teeth (at B and C). These 
zones are where the sudden variations in load occur which 
in particular cause micro pitting. 
The calculation of the equivalent Von Mises stress is 
performed using an algorithm based on a generic Hertz 
model which considers both the curvatures introduced 
and a friction ﬁeld. The method is based on the complete 
analytical approach of Hills et al. [21] which deﬁnes the 
whole three dimensional stress proﬁle of the contact zone. 
It permits deﬁning the maximum sub-surface equivalent 
stress using Von Mises criterion. 
The point of contact on the pitch circle (I (0, 0, 0)) 
is characterized by angle θ = 0. The stress calculation 
is performed for 100 contact points distributed along the 
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Fig. 7. Optimal simulation number. 
tooth proﬁle. These points are distributed identically for 
the involute and the optimized proﬁles. The equivalent 
stress at point I will still have the same strength. This is 
a direct consequence of the equal curvature at the pitch 
circle. In fact, the reduction in stress is present, most par-
ticularly, in the transition zones from one to two teeth. 
In our simulation result, the loading is deﬁned with a 
Coulomb friction coeﬃcient and isotorque distribution. 
The choice of this conﬁguration was motivated by its re-
strictive and representative aspect. Indeed, the deterio-
ration of the contact in a gear assembly increases if the 
contact is dry, simulating loss of the oil ﬁlm, whence the 
choice of Coulomb friction. In the case of isotorque distri-
bution of the load, the contact transition from one to two 
teeth occurs instantly and suddenly on the ﬂank of the 
teeth. This provides a better picture of the stress beneﬁts 
at the characteristic points A, B, C and D. The stress 
of the optimized proﬁle is maximum in the vicinity of I. 
In the transition zones from one to two teeth in contact, 
the stress is slightly diminished. The reduction in stress 
is of around 40 MPa at B and C, but 500 MPa at the 
input (A) and 200 MPa at the output (D). For the load-
ing case considered, the stress beneﬁt is some 14% during 
meshing. 
The tooth proﬁle minimizing the stress during mesh-
ing is obtained. The active proﬁle of the pinion tooth 
diﬀers from the conventional involute proﬁle (Fig. 8). 
Table 2 shows the values of the various coeﬃcients for 
the polynomial expressions for the pinion and the wheel 
obtained by the tooth optimization procedure. 
4 Study of the sensitivity of the equivalent 
stress to geometric variations 
This study was conducted to test the robustness of 
the optimized proﬁle to the geometric variations due to 
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Fig. 8. Involute tooth proﬁle and optimized tooth proﬁle. 
machining imperfections. Two studies were considered at 
the characteristic points: propagation by Monte Carlo 
method and analytical propagation of uncertainties. 
In the Figure 9, the localization of four characteris-
tics points (a, b, c and d) on the pinion tooth proﬁle is 
represented. During the machining, these points will be 
perturbed by the production means. A dispersion zone of 
 Table 2. Coeﬃcients optimized tooth proﬁle of pinion and wheel. 
Pinion coeﬃcients Wheel coeﬃcients 
C1X –0.591 C1Y 
C2X 18.041 C2Y 
C3X        –32.028 C3Y 
C4X        –51.940 C4Y 
–0.445       C1X 
12.463       C2X 
–18.954      C3X 
–80.826      C4X 
–0.566       C1Y 
16.488       C2Y 
–13.462      C3Y 
–46.871      C4Y 
–0.398 
11.749 
1.749 –
119.486 
c 
d 
Nominal Optimal Tooth Proﬁle 
2 
a 
Fig. 9. Localisation of characteristics points on the tooth pro-
ﬁle of pinion, a, b, c and d. 
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Fig. 10. Dispersion zone of manufacturing on the character-
istics points. 
a     a c b d 
0.01 mm is represented on the ﬂank of an optimized tooth 
in Figure 10. In order to re-use the polynomial expres-
sions for the tooth proﬁle, the choice was made to intro-
duce this geometrical dispersion at the four characteristic 
points a, b, c and d of the tooth proﬁle. These dispersion 
zones (W(x ;y ;y ;y ;y ) = 0.01 mm) applied to our two 
models (pinion and wheel) are deﬁned in Figure 10. 
The results of the two studies are presented in the 
paragraphs below. 
Tooth proﬁle modeling by a 
fourth degree polynomial 
b 
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Fig. 11. Flowchart of propagation method by Monte Carlo. 
4.1 Propagation of uncertainties by Monte Carlo 
The procedure adopted to propagate the geometric 
uncertainties by the Monte Carlo simulation is detailed 
in the ﬂowchart in Figure 11. In our study, the geometric 
variations were introduced at the characteristic points of 
the tooth proﬁle in order to calculate the average values 
and the error bar at two standard deviations (2σ) of the 
maximum equivalent contact stress during meshing. To 
that end, the ﬁve coordinates of the previously deﬁned 
characteristic points, vary randomly within the dispersion 
zone of manufacturing. The method also demands that all 
the variables are independent. This is the reason why the 
evolution of the geometric parameters was chosen in a 
Cartesian coordinate system. 
The uncertainty propagation study was conducted on 
the optimized tooth proﬁle. In that geometry, the vari-
ables are: 
– The abscissa X and ordinates Y of the input contact 
point on the ﬂank of the tooth: a. 
– The ordinates Y of the three other characteristic 
points on the ﬂank of the tooth: 
– The two points of switchover to a single point of 
contact: b and c. 
– The output contact point: d. 
 Table 3. Results of the Monte Carlo simulation. 
Type 
Uniform distribution 
Gaussian distribution 
Stress mean 
1369.2 MPa 
1368.4 MPa 
Standard deviation 
10.8 MPa 
7.0 MPa 
95% conﬁdence interval 
±21.5 MPa [1347.7; 1390.7] 
±14.1 MPa [1354.3; 1382.5] 
Table 4. Results of the analytical propagation. 
Type 
Uniform distribution 
Gaussian distribution 
Stress mean 
1368.7 MPa 
1368.7 MPa 
Standard deviation 
10.7 MPa 
9.2 MPa 
95% conﬁdence interval 
±21.3 MPa [1347.4; 1390.0] 
±18.5 MPa [1350.2; 1387.3] 
Two laws of distribution were considered, one uniform 
and the other Gaussian. The results of these two simula-
tions are presented in Table 3. 
4.2 Calculation by analytical propagation 
The second uncertainty propagation study was in-
tended to conﬁrm the results obtained via the Monte 
Carlo simulation. This analytical propagation method 
is based on G.U.M. standard [22]. The propagated un-
certainty is derived from the product of the Variance-
Covariance matrix (Eq. (13)) and the Jacobian of the 
stress function: 
Var (σeq) = JCov (xa; ya; yb; yc; yd) J
T (13) 
σ = 
 
W 
√ (14) 
σ = 
 
Both types of distribution were considered, i.e.: uniform 
(Eq. (14)) and Gaussian (Eq. (15)). The expression of the 
standard deviation diﬀers for each law. 
 
(xa;ya;yb;yc;yd) (xa;ya;yb;yc;yd) 
2 3 
W(xa;ya;yb;yc;yd) 
(xa;ya;yb;yc;yd) 4 
 
(15) 
Equation (16) details expression 13. The independence 
of the variables used in this method results in a diagonal 
Variance-Covariance matrix. The result of this calculation 
is the variance of the equivalent stress. It enables the de-
termination of the Standard Deviation (σeq) of the equi-
valent stress during meshing according to the ﬁve chosen 
simulation parameters. 
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The results obtained by analytical propagation are pre-
sented in Table 4. 
4.3 Discussion of the results 
By studying Tables 3 and 4, for both types of distribu-
tion considered: uniform and Gaussian, close similarities 
were found. The degree of uncertainty were calculated for 
a risk of 5%. The results obtained for the degree of error 
of the maximum equivalent stress was small (less than 
1.5% of the mean value). This shows the low sensitivity 
of the equivalent stress to geometric variations (machin-
ing imperfections, wear, etc.). The results from the two 
methods prove the robustness and local linearity of the 
geometric deﬁnition of the optimum tooth proﬁle for the 
evaluation criterion adopted. 
5 Conclusion 
The new mechanical requirements for gears compel 
designers to propose new innovative tooth geometries. 
These geometries must meet service life criteria under 
ever more demanding loads. Through this paper, our work 
was aimed at two objectives: 
– to propose a method for optimizing the tooth proﬁle 
by equivalent stress, 
– to guarantee the suitability and the robustness of the 
proﬁle at manufacturing variations. 
The design tool proposed is a methodology which con-
verges towards an optimum tooth proﬁle. The overall di-
mensions and the loading of the gear are input data. The 
approach shows the existence of proﬁles, other than in-
volute, which provide a useful response for increasing the 
service life of gearboxes. This method agrees with the 
work already undertaken on the geometric modiﬁcation 
of tooth proﬁles, such as that by Litvin [13] in particular. 
The method presented in this paper thus enables identi-
ﬁcation of a geometric tooth proﬁle in a given operating 
conﬁguration. This tool, which is an aid for gear design, 
provides an original approach for the geometric design of 
a reduction gear. The gear adopted provides better be-
havior than an involute tooth proﬁle for a given loading. 
The study of the propagation of geometric errors con-
cludes on the robustness of the equivalent stress with 
respect to the capability of the manufacturing means. 
The propagation behavior is locally linear. In other words, 
the stress variation during meshing is due to factors other 
than simply the geometric design of the ﬂank of the teeth. 
  
Indeed, the dispersion of the characteristic points has ne-
gligible eﬀect on the stress variations. Monte Carlo Simu-
lation and Analytical Propagation enabled evaluation of 
the inﬂuence of these geometrical deviations. 
The conclusions of this paper show that there is 
a viable and credible alternative to the involute tooth 
proﬁle. 
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